The occurrence of fractional revival in quantum spin chains is examined. Analytic models where this phenomenon can be exhibited in exact solutions are provided. It is explained that spin chains with fractional revival can be obtained by isospectral deformations of spin chains with perfect state transfer.
Introduction
The purpose of this Letter is to discuss fractional revival in quantum spin chains and in particular to provide analytic models for which the phenomenon can be exhibited in exact solutions. These systems could be used advantageously to achieve quantum information transportation and to generate entangled states. The predicted fractional revival might lend itself to experimental testing in view of the current technological advances in the simulation of spin chains with Nuclear Magnetic Resonance techniques.
Quantum wires can be thought of as devices linking parts of a quantum computer that effect the transfer of quantum states or quantum information with high fidelity. It has been appreciated that spin chains with engineered couplings can be quite useful in the design of quantum wires; see [1, 2, 3] for reviews. Central in these applications is the phenomenon of quantum revival [4, 5] . This effect arises when a well localized wave packet spreads during its time evolution only to relocalize in its original form after some time. The transfer of states along a spin chain proceeds in this way. The chain is initialized in a state sharply peaked at one end and the dynamics is arranged so that the evolution will bring a revival of this packet at the end of the chain after finite time. To study one-qubit transfer, one looks at the one-excitation behavior. The transfer is said to be perfect when the state of the chain initially with only one spin up at the zeroth site is found with probability 1 after some time with the one spin up at the N th site. The spin chains that have the property of achieving perfect state transfer (PST) and those also exhibiting almost perfect state transfer (APST) have been widely studied; in addition to [1, 2, 3, 6] among the many references see for instance [7, 8, 9, 10, 11, 12, 13] . Conditions on the one-excitation spectrum are required. As a rule, the couplings between the neighboring sites as well as the local magnetic fields must be non-uniform. Algorithms based on inverse spectral theory have been elaborated to determine the specifications of those chains [2, 8, 11, 12] . In particular, useful analytical models that can be solved exactly have been found and seen to be related to interesting families of orthogonal polynomials [6, 11, 14, 15, 16] . A necessary condition for PST or APST to occur is that the Hamiltonian possesses a certain mirror symmetry, which we shall define precisely below. It is striking that an experimental quantum simulation of this mirror inversion with engineered couplings could be achieved [17] .
Fractional revival [4, 18] occurs when a number of smaller packets, seen as little clones of the original one form at certain sites and show local periodicities. In a spin chain, one envisages that an initial state with oneexcitation-a spin up-at one end would start spreading and split in transmitted and reflected parts around the middle of the chain because of interactions or impurities and would evolve after some time in a state that gives zero amplitudes to find the spin up at any of the sites except at two, or possibly a small subset of the sites. This evolution would also replicate periodically. Fractional revival of the initial packet would thus occur [19] . Such dynamical phenomena for spin chains have recently been explored in [20] where it has been shown that the perfect revival scenario described above can be realized.
In the following, we shall explain that spin chain Hamiltonians with fractional revival can be obtained by isospectral deformations of any system with PST. Analytic models with PST will thus lead to chains for which fractional revival can be exhibited exactly. Mirror symmetry will be traded for another symmetry in these instances. With an eye to entanglement generation, results were obtained in [21] in the special case of perfectly balanced revivals and in [2] using chain decomposition for an odd number of sites. Our presentation offers a cohesive picture that makes clear how a properly chosen similarity transformation only affects the central parameters of a chain with PST so as to produce one with fractional revival.
XX spin chains
Consider XX spin chains with N + 1 sites and nearestneighbor interactions that are governed by Hamiltonians H of the form
where J ℓ is the coupling constant between the sites ℓ − 1 and ℓ and B ℓ is the magnetic field strength at the site ℓ, where ℓ = 0, 1, . . . , N . The symbols σ x ℓ , σ y ℓ , σ z ℓ stand for the Pauli matrices with ℓ indicating that they act on the
the eigenstates of H split in subspaces labeled by the number of spins over the chain that are up, i.e. that are eigenstates of σ z with eigenvalue +1, σ z ↑⟩ = ↑⟩.
We shall call J the restriction of H to the subspace of states with only one spin up. The natural basis for that subspace is given by the vectors
where the only "1" occupies the ℓ th entry. The action of J in that basis is readily seen to be
with the conditions J 0 = J N +1 = 0 assumed; J is thus given by the following Jacobi matrix
Perfect State Transfer
Let us review the main features of PST along an XX chain. Perfect transfer is achieved if at some time T
where a possible arbitrary phase has been set to 1. When this is so, the excitation localized at one end of the chain is transferred to the other end with probability 1 after time T . The main question is: for which Hamiltonians H will PST occur? It is known that PST is not possible in a uniformly coupled chain, i.e. J ℓ = 1 and B ℓ = 0 for ℓ = 0, . . . , N , when N ≥ 3. What are then the coefficients J ℓ and B ℓ for which PST will happen? That question has been fully answered in [2, 8, 11] . It can be shown that a necessary condition for PST is that the matrix J be mirror-symmetric with respect to the anti-diagonal:
Looking at (5), this amounts to
Given that J is mirror-symmetric, the additional requirements on the spectrum of J are such that
which implies not only (6) but a complete mirror inversion n⟩ ↔ N − n⟩ of the register after time T .
Fractional Revival
We now examine the circumstances for fractional revival. We shall denote byH(J) Hamiltonians with that feature. Fractional revival happens if the initial state 0⟩ evolves in a coherent sum of 0⟩ and N ⟩ after some time:
Simple observations allow one to see how a HamiltonianH with fractional revival can be constructed from a Hamiltonian H with PST. From now on we need to treat the cases where N is even or odd separately. Consider the (N + 1) × (N + 1) matrix V defined as follows. For N odd,
and for N even
with 0 ≤ θ < π. It is immediate to check that V = V ⊺ and that V 2 = 1. Furthermore, it is easy to verify that
with Q the matrix obtained from V , for N odd and for N even, by replacing θ by 2θ. Obviously Q 2 = 1.
Let J be a mirror-symmetric one-excitation Hamiltonian with the PST property. We thus have e −iJT = R.
Consider the "Hamiltonian"
It follows that
Given the form of Q, we see that not only do we have (10) with α = sin 2θ and β = cos 2θ but also
and for N even e
⟩. Such aJ, that can be obtained from any J with PST, thus provides a Hamiltonian that revives a packet localized at site ℓ in two packets localized at sites ℓ and N − ℓ. Note that the deformation that takes J intoJ is isospectral: the eigenvalues of J are the same as those of J.J is not mirror-symmetric but is rather invariant under the one-parameter involution Q:
Interestingly, the only modifications (or perturbations) in the couplings and magnetic fields that arise in passing from J toJ occur in the middle of the chain. Working out the conjugation (14) , the only coefficients that differ are seen to be, for N odd
and for N eveñ
Recall that J is mirror-symmetric. When N is even, only the couplings between the 3 middle neighbors are altered. When N is odd, only the coupling between the 2 middle neighbors is affected as well as the magnetic field strengths at those two middle sites. Note that if all the B ℓ were initially zero in J, there would only be two Zeeman terms of equal magnitude and opposite sign at
. Observe also that the parameter θ entering inJ and hence inH directly determines the probability of finding at time T the spin up at the input or output site. Clearly, analytic spin chain models with fractional revival can thus be obtained directly from the analytic models with PST that have already been identified. The paradigm example is associated to the Krawtchouk orthogonal polynomials and has
It is readily checked that (9) is obeyed with these couplings for T = π. Modifying the coefficients (18) according to (17) will provide a most simple system where fractional revival can be identified exactly.
In [20] , the authors have followed an approach that differs from the one presented here. They have considered chains that preserve mirror symmetry. They have determined numerically in one case the specifications of such a chain with fractional revival, using the parameters of the Krawtchouk chain as initial conditions. In this example, contrary to the isospectral deformations, all the couplings of the chain are perturbed. As a matter of fact, an exact solution already existed [22] for this model that has the property of exhibiting both fractional revival and PST. More details will be given in a forthcoming publication.
Conclusion
Let us conclude with remarks on applications. Spin chains with fractional revival can be used to transfer quantum information. Assume that information entered at the beginning of the chain is to be transported to the end of the chain where it will be processed in a quantum computation. By adjusting the parameter θ of the chain, one can arrange that this information is at site N with probability bigger than 1 2 at precise periodical times. Upon repeating the calculation using the information at the end of the chain at those times, the likelihood that the most frequent answer is right will be high. Let us also stress that these spin chains with revival at two sites could prove to be an interesting tool to generate entangled states. Indeed it is immediate to see that when the revival is balanced (θ = π 8) the sites 0, 1, N − 1 and N for instance would support the entangled state 
